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Fuzzy roughness via ideals
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Abstract. In this paper, we join the notion of fuzzy ideal to the notion of fuzzy gpproximal
of fuzzy 1deal approximation spaces We introduce the fuzzy ideal appr0x1mat10n terlor opet

the fuzzy ideal approximation preclosure operator pcl with respect to
space (X, R) associated with some fuzzy set A € I*. Also, we define fuz
compactness in fuzzy approximation spaces and in fuzzy ideal approxi

between.

1. Introduction

Pawlak ([21]) has defined

applications. An e
bras is found in [1].

an exact subset of X and there is no roughness. Many
researchers studied the relationship between rough
sets and topological spaces in [7, 18, 24] The notion
of ideal in topological spaces was defined and stud-
ied in [13] and the notion of a fuzzy ideal was given
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S to define the notion
or int}, and the fuzzy ideal
einterior operator pintfb and
ed on the fuzzy approximation
ioms, fuzzy connectedness and fuzzy
as well, and prove the implications in

in [23]. The local function of some subset in a topo-
logical space was defined and studied in [25]. Many
studies have been published based on joining an ideal
to a topological space as in 8, 9, 14—-16]. Separation
axioms with respect to an ideal were given in [2], and
the notion of continuity via ideals was given in [3]
while the notion of grills on a topological space was
introduced by Choquet [6] and fuzzy grills on X was
given in [4]. The concepts of ideals and grills have
proved to be a powerful supporting as known with fil-
ters, for getting a deeper insight into further studying
some topological notions such as proximity spaces,
closure spaces, connectedness and compactness ([ 10,
14, 15, 22]). In [22], the authors defined and studied
a typical topology associated naturally to the exist-
ing topology and a grill on a given topological space.
Hatir and Jafari [10] defined new classes of sets and
gave a new decomposition of continuity in terms of
grills. In [20], the authors studied fuzzy soft sepa-
ration axioms and fuzzy soft connectedness in fuzzy
topological spaces in sense of Chang ([5]). In[17], the
authors introduced some concepts in fuzzy ideal topo-
logical spaces. Graded fuzzy separation axioms were
defined in [11], and by the way fuzzy approximation

ISSN 1064-1246/20/$35.00 © 2020 — IOS Press and the authors. All rights reserved


mailto:shalsulami@uj.edu.sa
mailto:sabbas73@yahoo.com
mailto:saahmed@jazanu.edu.sa
mailto:ismail.ibedou@gmail.com
mailto:iibedou@jazanu.edu.sa.

6870 S.H. Alsulami et al. / Fuzzy roughness via ideals

and fuzzy ideal approximation separation axioms will
be defined in Section 4. Fuzzy approximation com-
pactness and fuzzy ideal approximation compactness
will be defined in Section 5. Fuzzy lower and fuzzy
upper sets of a rough set were studied in [19].

In this paper, we joined the notion of fuzzy ideal
£ with the fuzzy approximation space (X, R) asso-
ciated with a fuzzy set A, and defined fuzzy interior
and fuzzy closure operators with respect to that fuzzy
ideal. The local function ®; (1) of some u € IX with
respect to that fuzzy ideal was a base in defining
the related interior and closure operators. Separa-
tion axioms in fuzzy approximation spaces and in
fuzzy ideal approximation spaces were defined and
compared with examples to confirm the implications
in between. Connectedness in fuzzy approximation
spaces and in fuzzy ideal approximation spaces
were defined and compared with examples to show
the implications in between. Compactness in fuzzy
approximation spaces and in fuzzy ideal approxima-
tion spaces were defined as well. All results studied in
fuzzy ideal approximation spaces are directly proved
if we changed to the fuzzy grill approximation spaces.
The correspondence between fuzzy ideal and fu
grill was insured in [16]. Fuzzy approximation conti
nuity and fuzzy ideal approximation continuify
introduced as well.

The motivation of Section 1 is to
approximation lower and upper set
define the fuzzy approximatio
operators on a fuzzy approxi
these fuzzy operators
imation separation a

defined by #(®) = ¢ Vx € X. Infimum and supremum

of a fuzzy set A € IX are givenas: inf A = A A(x)
xeX
and sup A = \/ A(x). If f: X — Y is a mapping,
xeX
we IX,vel¥, then

f(Ny) = \/ u()¥ye¥ and f'w)= (o f).
xef~1(y)

Assume a fuzzy relation R:XxX—>1
is defined so that R(x,x)=1 VxelX,

R(x,y)=R(y,x) Vx,yeX and R(x,y)>
(R(x,z2) AR(z,y)) VYx,y,z€ X. That is, R is a
fuzzy equivalence relation on X. (X, R) is called
a fuzzy approximation space based on the fuzzy
equivalence relation R on X.

Definition 1.1. For each x € X, define a fuzzy coset
[x]: X — Iby:

[x](y) = R(x,y) Vy €

All elements y € X
R(x, y) > 0 are elements
in the fuzzy coset [x],
R(x,y) =0 is ng

. \/[z] =1). Clearly, if

zeX zeX
R(x, he fuzzy cosets [x], [y] (as fuzzy
sets) a g the same elements of X with

membership values, and moreover if
(z) = 0, then it must be that [x](z) = 0 whenever
> 0. That is, any two fuzzy cosets are either
two fuzzy sets containing the same elements of X with
ome non zero membership values or containing com-
pletely different elements of X with some non zero
membership values. Strictly, in case of I = {0, 1} it
is a partitioning of X as usually known in the general
case.

Note that: [x] # 0 Vx € X since there is at least
x € Xitselfsuch that[x](x) = 1, while may be all ele-
ments z € X are given such that [x](z) > 0 Vz € X.
The fuzzy cosets could be such that [x](x) =1 and
[x](z) = 0Vz # x, whichmeans (X, R)is fuzzy parti-
tioned into completely disjoint fuzzy cosets. Putting
I = {0, 1} as a crisp case, we get exactly the usual
meaning of partitioning of a set X based on an ordi-
nary equivalence relation R on X.

Recall that the fuzzy difference between two fuzzy
sets was defined ([12]) as:

—

(MM):{O if A <upu, @

A A u€ otherwise.

Definition 1.2. Let A € /X and R a fuzzy equivalence
relation on X and the fuzzy cosets are defined as in
(1). Then, the fuzzy lower set A g, the fuzzy upper set
AR and the fuzzy boundary region set A? are defined
as follows:



S.H. Alsulami et al. / Fuzzy roughness via ideals 6871

MR =20 A C /K@) VxeX,

A(2)>0, z £ x

3

My =rxm v\ e VxeX, @)

M2)>0, z # x
0 if AR < g

W= AR Rag = 5)
AR A (AR)  otherwise.

Ar, A% and AB are then called fuzzy lower, fuzzy
upper and fuzzy boundary region sets associated with
the fuzzy set A in IX and based on the fuzzy equiv-
alence relation R in the fuzzy approximation space
(X, R).

From (3) and (4), we get that Ap < A < AR v e
IX. Whenever A% be so that AR < A, we get that
A = Ag = AR and then from (5), we have A8 =0.
Otherwise, A% = AR A (Ag)°. The fuzzy accuracy
ar(A) of approximation of the fuzzy set A could
be characterized numerically by ar(X) = i“; 2
where 0 < ag(A) < 1. If ag(A) =1, then A is cris
with respect to R (Ag = AR and A is preci

that:

(1) 0 =0 =0 and
(2) AV R = AR
3) 2 <p impli
@) vk =i
(5) (B
©) (p)f >

~—

R = AR A UR,
(AR = (AR
Br < WBR =R,

y set A in a fuzzy approxi-
it was defined a fuzzy interior
p  IX — IX as follows:

inth(y) 2 Ag A vg Yv#1 and inth(D=1.  (6)

Also, it was defined a fuzzy closure operator cl)l} :
1X — I as follows:

() = (g)* vV VR Vv £0 and cl(0)=0. (7)
Recall that:
clh(WR) = clh() Vv € IX, inth(vg) = inth(v) Vv € I¥,  (8)

inth(19) = (clh()° and clh(9) = (inth(w) Vv e IX. (9)

Definition 1.3. Let (X, R) be a fuzzy approximation
space associated with A € IX. Then,

(1) pis fuzzy preopen (resp. preclosed) set iff
p < inth(cli(w)) (resp. u > cli(inth(w))).
(2) The fuzzy preinterior of pu, denoted by
p int}e(p,) is defined by
pint)je(p,) =\vel*:u>
v, visfuzzy preopen}.
(3) The fuzzy preclosure of 1, denoted by p cl% 2()
is defined by
peli(w) = Afve IX L <
v, v is fuzzy preclo

d a fuzzy ideal ([23]) on
g conditions:

m e l,then vel forall u,v e

3) f ueland ved, then (uVvv)el forall
ve IX.

If £; and ¢, are fuzzy ideals on X, we have ¢ is
ner than £, (£, is coarser than £1) if £; D £,. The
triple (X, R, £) is called a fuzzy ideal approximation
space. Denote the trivial fuzzy ideal £° as a fuzzy
ideal including only 0.

Definition 2.1. Let (X, R, £) be a fuzzy ideal approx-
imation space associated with
A € IX. Then,

(1) The local fuzzy closed set @, ()(R, £) of a set
w € I is defined by:

@5 ()R, £) = /\{v e IX D (uAv) e €, clh(v) = v},
(10)
We will write ®; () or &, (u)(¢) instead of
D, (u)(R, £).
(2) The local fuzzy preclosed set <I>f (W)(R, L) of a
set € IX is defined by:

d>f(p,)(R, 0) = /\{v elX: (uAv) €L, pcl%(u) =}

(11
We will write ®2(w) or ®Y(1)(¢) instead of
Y (LR, 0).

Corollary 2.1. Let (X, R, £°) be a fuzzy ideal approx-
imation space, . € I1X. Then, for each jn € I, we

have  ®5(n) = clp(u), ®Y(w) = pcliw).
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Proposition 2.1. Let (X, R,¢) be a fuzzy ideal
approximation space associated with ). € IX. Then,

(1) w < v implies ®;(n) < @3(v) and Y () <
o ().

(2) If €1, £y arefuzzyideals on X and €1 C {5, then
O (1) = Pi(w)l) and DY (L)) =
DL (1)(L2).

3) <I>p(u) < D) = cli(@i(w) < cli(p),
and ®Y(p) = pcl*(@l’(u» < peli(p) <
cl%e(m.

@) (Ou(Pa(w)) = (CDA(M)) = &y (),

(5) PY(@F () < pcl (@ () = P (w).

6) D) (u) vV @(v) < Op(u V) and Dy() A
D (v) = D (A V).

Proof. Obvious. O

Definition 2.2. Let (X, R, £) be a fuzzy ideal approx-
imation space associated with

, € I%. Then, for any . € I, define the fuzzy oper-
ators

clé‘,, pcl)‘ , inté‘,, pinté‘> - IX — IX as follows:

hp(u) = p v @u(w), pelh(u) = p v () YueI*. (1

inty () = u A (@), pinth(p) = 1 A (@] (uf))

() el (1) = cly() =
inth (i) = (@1(1))° Y
(2) pelly(n) = peli(
(1) = pinty(p) =

Proposition
approximation

(1) intp o(n) < intcp(u) Su=
pelyplp) < clj (M) < cli(w).

2) clpuP = (mtq>(u))c and intg(u¢) =
(clﬁp(u»c

3) c (uvv) > clj (u) Vocp),  clpua
V) < clp(u) A ).

4) 1ntq,(,qu) > 1nt¢(u) Vointh (v), inth(u A
v) < intq,(p,) A intq,(v)

(5) clh(clly(m) > cliy(u) and inth(inth(u) <
intg (10).

(6) Ifuf v, then cl}(u) <clh(v), inth(n) <
intq>(v)

(7) pely(p) < pelk(p).

Proof. For (7): Suppose that pcl (n) £ pcl (W),
and if pcl (u) = v, then u < v and v is fuzzy pre-
closed set with pcl (n) £ v. But p <v implies
that uAv € £, and thus ®F 5 (1) < v which means that
pelb () = w v @Y () < A v < v, whichis acon-
tradiction. Hence, pclé\p(u) < pcl%(u).

(1) — (6): Clear. |

Definition 2.3. (X, R, £) be a fuzzy id€al approxima-
tion space associated with A € IX. T

zzy 1deal preopen if pu <
plement of fuzzy ideal
tuzzy ideal preclosed.

mation ociated with ). € I1X. Then,

) If welX is fuzzy ®-closed, then >
(intk(10))-
2 If w € IX is fuzzy ideal preclosed, then >
1R (int, ().

Proof. For (1): Let u be fuzzy ®-closed. Then,

ue < intp(Pp(u)) < inty (cly (1)) = inty

((intk(10))°) = (cl(intR(1))" < (P (intr(1))).

Therefore, ®; (intk(11)) < w. For (2), itis easy. [J
It is clear that:

® — open (P — closed) ————— ideal preopen (ideal preclosed)

g

preopen (preclosed)

Example 2.1. Let R be a fuzzy relation on aset X =
{a, b, c, d} defined as follows.

RHa[b[ c [d
a 1] 1 0 0
b 1] 1 0 0
c 0|0 1 0.6
d 0| 0| 06 1

Assume that . = {0, 0, 0.5, 0.5} and a fuzzy ideal
£ on X is defined as follows: vel & v<
{0.5,0.5,1,1}. Then, u=1{0.3,0.3,1,1} € is a
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fuzzy preopen but it is neither fuzzy ideal preopen
nor fuzzy ®-open.

Example 2.2. Let R be a fuzzy relation on a set X =
{a, b, c, d, e} defined as follows.

RHa[b[c[d[e
a 11111 0 0
b 111 1 0 0
c 1 1 1 0 0
d 0O(0[O0 1 0.2
e O[O0 0] 02 1

Assume that A = {1, 1, 1,0.8,0.6} and a fuzzy
ideal £ on X is definedby: ve { & v < 0.6. Then,
w={1,1,1,0,0} ¢ ¢ is a fuzzy ideal preopen but it
is not fuzzy ®-open.

Theorem 2.1. Let (X, R, £) be a fuzzy ideal approx-
imation space associated with A € IX. Then, the
following are equivalent.

(1) w € IX is fuzzy ®-open.
(2) e IX is fuzzy ideal preopen and fuzzy ideal
dense in itself.

Proof. (1) = (2): Itis clear that every fuzzy ®-open
set is fuzzy ideal preopen. On the other ha
int%(cb;‘(u)) < ®; (), which means pu is
dense in itself.

(2) = (1): By assumption, u <1
it (1t v @;.(10)) = inti(P(
fuzzy ®-open. [J

The following exampl
open and fuzzy ideal
concepts.

Example 2.3
(1) In Exam 2.2, 4we get that: For u =
{15 500 ve w is a fuzzy ideal pre-
ope of fuzzy ideal dense in itself.
(2) Let be a fuzzy relation on a set X =
{a, b, €\d} defined as follows.
R H a [ b [ c [ d
a 111 0 0
b 111 0 0
c 00 1 0.8
d 00| 08 1

Assumethat A = {1, 1, 0.2, 0} and a fuzzy ideal
¢ on X isdefined as follows: v € £ < v < 0.2.
Then, n = {0.6,0.5,0.1, 0.1} is a fuzzy ideal
dense in itself. But it is not fuzzy ideal preopen
set.

3. Separation axioms in fuzzy ideal
approximation spaces

Definition 3.1. Let (X, R, £) be a fuzzy ideal approx-
imation space associated with A € IX. Then,

(1) A fuzzy ideal approximation space (X, R, £)
(resp. a fuzzy approximation spéace (X, R)) is
called a fuzzy ideal-(¢, s)Ty (resps (z, s)Tp) if

i elX,tely

that u(y) <t or
with int} (v)(y) >
that v(x) < s.
(2)

(W) = 1 and  inth(V)(y) = s
)(x) > tand inth(v)(y) > s) such
tand v(x) < s.

(3) A fuzzy ideal approximation space (X, R, {)
(resp. a fuzzy approximation space (X, R)) is
led afuzzy ideal-(¢, s)T5 (resp. (¢, s)T>) if for
every x # y € X, there exist u, v e IX; t,s €
Ip with inth(u)(x) >t and inth(V)(y) > s
(resp. inth(1)(x) >t and inth(v)(y) > s) such
that sup(u A v) < (t A's).

Remark 3.1 From (1) in Proposition 2.2, we
have int} () > inth(w) Yo € IX. Denote for fuzzy
ideal approximation (t,s)7; separation axioms by
(t,s)FI —T;, i =0,1, 2, thatis,

(t, S)Tz (t, S)TI (t, S)Tl)

(t,s)FI —T, (t.s)FI—T, (t.s)FI—T,

Consider a fuzzy ideal approximation space
(X, R, ¢) associated with A € I* and ¢ = {0}. Then,
the fuzzy ideal separation axioms (t, s)FI — T; are
identical to the fuzzy separation axioms (¢, s)7; of
the fuzzy approximation space (X, R), i =0, 1, 2.

Example 3.1. Let A = {1,0.8,0}, s =s =0.5and R
be a fuzzy relation on a set X = {a, b, c} as shown in
the matrix:
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R a b ]c
a 1 0.3 0
b 0.3 1 0
c 0 0 1

Then, we get that: Az ={0.7,0.8,0}, AR =
{1,0.8,0}, A% ={0.3,0.2, 1}.

Now, for the case a # b, there exists u =
{0.8,0,0.4}, and then pg = {0.7,0,0.4}, which
means int%(u) ={0.7, 0, 0}, and thus int}(,u)(a) >
0.5, w(b) < 0.5. Also, we can find v = {0, 0.6, 0.1},
and then vg = {0, 0.6, 0.1}, which means int}(v) =
{0, 0.6, 0}, and thus int)l}(v)(b) > 0.5, v(a) < 0.5.

For the cases a # ¢ and b # ¢, we can find € IX
with int)l}(n)(a) >05 or int%(n)(b) > 0.5 such
that n(c) < 0.5, while we can not find € I* with
int%(n)(c) > 0.5. Hence, (X, R) is a fuzzy approxi-
mation (0.5, 0.5)Tp-space associated with L. (X, R)
could not be a fuzzy approximation (0.5, 0.5)71-
spaceor (0.5, 0.5)T,-space. Now, any fuzzy set w will
satisfy cl}e(w) =w < w>{0.3,0.3, 1} accord-
ing to the fuzzy cosets of R and the set A%.

Define a fuzzy ideal £ on X so that n € £
n < 0.7. Then, we can find three fuzzy sets 7
{0.8,0,0}, £=1{0,0.8,0} and ¢ = {0, 0, 08
which  ®;(n°) = P(§°) = PA(£°) = {0
and then inth(n) = n A (P, (1))° =
it (§) = & A (PA(E))° = 10,07,
it (¢) = £ A (P1(E9))° = 1{0,0,0.7}.
any x # y, we have two fuzz
so that

therefore (X, R, ¢)
(0.5,0.5)T;-space, i =
i 5, 0.5)T1-space.

The following given to show that there
is a fuz ation (¢, s)Tp-space but not
fuzzy ap (¢, s)Tp-space.

Example 3:2. Let A = {0.6,0,0},t = s =0.4and R
be a fuzzy relation on a set X = {a, b, c} as shown in
the matrix:

R a | b | c
a 1101]0
b oO(1]0
c 0|0 1

Then, we get that: Ar =1{0.6,0,0}, A% =
{0.4,1,1}. Now, for the case b # ¢, we can not
find € I with inth(n)(b) > 0.4 or inth(n)(c) >
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0.4. Hence, (X, R) is not fuzzy approximation
(0.4,0.4)Tp-space associated with A.  Conse-
quently, (X, R) could not be a fuzzy approximation
(0.4, 0.4)T-space or (0.4, 0.4)T>-space.

Define a fuzzy ideal £ on X so that n € { <—
n <{0.6, 1, 1}. Then, there exist u© = {0.4, 0.4, 0}
and v ={0.4,0,0.4} for which ®;(u°) =0 and
®; (v°) =0, which implies that i té‘)(,u) =u=
{0.4,0.4,0} and intﬁp(v) =v=1{0.4,0,04}, and
thus int}(u)(@) > 0.4, p(c) < 0.4, Vinth(u)(b) >
0.4, u(c) <04 and intﬁ,(v)
That is, (X, R, ¢) is a fi

mation (0.4, 0.4)Tp-spac @

spaces associatgd
tively, then a

o)V € 17, Itis equiv-
m) < SNl Vel
ect to AeIX and pnel?, if
ideals on X, Y, respectively, then
mapping f : (X, R, £) — (Y, R*) is called fuzzy
approximation continuous (FIAC) provided that
oF 1) > fUinth(n)) Vn e I'. Tt is eas-
ily shown that it is equivalent to clfb( ) <
el () Vn € IV Also, letus call f : (X, R) —
(Y, R*) a fuzzy approximation open (FAO) pro-
vided that  inth(f(§)) > f(inth(&) V& e 1%,
f (X, R) — (Y, R*, £*) a fuzzy ideal approxima-
tion open (FIAO) provided that  inth(f(§)) >
f(inth(&)) V& € 1%,

Clearly, every (FAC) (resp. (FAO)) mapping will
be (FIAC) (resp. (FIAO)) mapping as well (from (1)
in Proposition 2.2).

Theorem 3.1. Let (X, R), (Y, R*) be fuzzy approxi-
mation spaces associated with

e 1%, n e Y, respectively, £ a fuzzy ideal on
X and f : (X, R) — (Y, R*) is an injective (FAC)
mapping with f(A) = u. Then, (X, R, £) is a fuzzy
ideal approximation (t, s)T;-space if (Y, R*) is a fuzzy
approximation (t, s)T;-space, i =0, 1, 2.

Proof. Since x # y in X implies that f(x) # f(y) in
Y,and from Y is afuzzy approximation (¢, s)7>-space,
then there exist 1, ¢ € IV with ¢ < inth, (n)(f(x)),

s < int‘;z* (O)(f(y)) such that sup(n Ag) < (tAs),
thatis, 7 < ! (intge(M)(x), 5 < £~ (inth (DY),
and then 1 < f~'(intg(M)(x), s < £~ (intg,(H)()-
Since f is (FAC), then t < inth(f~'()(x), s <
int}(f~1(©))(y), and then ¢ < intg,(f~' (M)(x), s <
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inth (£1(¢))(y). That is, there exist p = f~'(n),
o= f71(¢)with ¢ < inth(0)(x), s < inth(w)(y)and
sup(p A w) < (t As). Hence, (X, R, ¢) is a fuzzy
ideal approximation (¢, s)T>-space. Other cases are
similar. O

Theorem 3.2. Let (X, R), (Y, R*) be fuzzy approxi-
mation spaces associated with

reIX, w eI, respectively, £* a fuzzy ideal on Y
and f : (X, R) — (Y, R*) is a surjective (FAO) map-
ping with =) = A. Then, (Y, R*, £*) is a fuzzy
ideal (t, s)T;-space if (X, R) is a fuzzy approximation
(t, $)T;-space, i =0, 1, 2.

Proof. Since f is surjective, then p#¢q in Y
implies that f~'(p)# f~'(¢) in X, and from
(X, R) is a fuzzy approximation (z, s)T>-space, then
there exist p, w € IX with 1< int%(p)(f_l(p)),
s < int)je(a))(f_l(q)) such that sup(p A @) < (t A's),
and also from f is surjective, then f (int}e(p))( p) =
inta(0)(f () and F(inth(@))(q) =
inti(@)(f (), and thus 1 < f(intk(p))(p),
s<f (int}e(a)))(q). From f is (FAO), then,
t< %nt’é*(f (P)(p), s S'int'é*(f (w))(g), and th
1 <inty(f(P))(p). s <inty(f(®))(g). That
there exist n = f(p), ¢ = f(w) with ¢ < int'y(@
s < inth(£)(g) and sup(n A Q) < (t As).
(Y, R*, £*) is a fuzzy ideal approximatid
space. The other cases for (t,s
(¢, s)T1-spaces are similar.

4. Connected fuzzy i proxi
spaces

Definition 4. et (X,
space associatedWith A €

e a fuzzy approximation
. Then,

ets u,vel X are called fuzzy

ation’ preseparated (resp. separated)

() AV = wAD cl%(v) = 0 (resp.

V=LuUA clﬁ}(v) = 0).

(2) A fuzzy set n € IX is called fuzzy approxima-
tion predisconnected (resp. disconnected) set
if there exist fuzzy approximation presepa-
rated (resp. separated) sets i, v € I, such that
uvv= n. A fuzzy set n is called fuzzy
approximation preconnected (resp. connected)
if itis not fuzzy approximation predisconnected
(resp. disconnected).

(3) (X, R)iscalled fuzzy approximation prediscon-
nected (resp. disconnected) space if there exist

fuzzy approximation preseparated (resp. sepa-
rated) sets u, v € IX, such that puvv= 1.
A fuzzy approximation space(X, R) is called
fuzzy approximation preconnected (resp. con-
nected) space if it is not fuzzy approximation
predisconnected (resp. disconnected) space.

Definition 4.2. Let (X, R, £) be a fuzzyideal approx-
imation space associated with A € IX

(1) the fuzzy sets u, v € IX
approximation prese
sets if pcll (i)
(resp. clﬁb(u) AV
(2) A fuzzy set X

fuzzy set n is called fuzzy
imation preconnected (resp. con-
is not fuzzy ideal approximation
ected (resp. disconnected).

3) (X, R,?) is called fuzzy ideal approximation
redisconnected (resp. disconnected) space if
ere exist fuzzy ideal approximation presep-
arated (resp. separated) sets i, v € IX, such
that Vv v = 1. A fuzzy ideal approximation
space(X, R, £) is called fuzzy ideal approxima-
tion preconnected (resp. connected) space if itis
not fuzzy ideal approximation predisconnected
(resp. disconnected) space.

Remark 4.1. We have the following implications.

fuzzy separated ———— fuzzy ideal separated

fuzzy preseparated ——— fuzzy ideal preseparated

and hence,

fuzzy ideal preconnected ———— fuzzy preconnected

Sfuzzy ideal connected ——————  fuzzy connected

Example 4.1. Let X = {a, b, c, d, e} and R a fuzzy
relation on X defined by
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R H a [ b [ c [ d [ e
a 1 1 021010
b 1 1 021010
c 02 | 0.2 1 0|0
d 0 0 0 110
e 0 0 0 0 1

Suppose that A ={0,0,0.4,0.8,0}. Then,

Ar =10,0,04,0.8,0, and  (hp) ={l, 1,
0.6,0.2,1}.  Now, for u=/{0.6,0,0,0,0},
v ={0,0.6,0,0,0}. Then, uf = {0.6,1,0.2,0, 0},

vR=1{1,0.6,0.2,0,0}, and thus clh(pn) =
{1,1,0.6,0.2,1} and cl} %) =1{1,1,0.6,0.2, 1}
Moreover, ,uR =0, vg =0, and thus 1ntR(M)
and int R(v) . Hence,

(1) w, v are fuzzy approximation preseparated sets
but not fuzzy approximation separated sets.

(2) Consider a fuzzy ideal Z defined on X so that
nelVn<0.6. Then, u €Z, veZ which
means that ®; (1) = 0and &, (v) = 0, and then

(u) u and clk (v) = v. Thus, cl} () A
v_O and cl} (v)/\,u_O and then u, v ar
fuzzy ideal approximation separated sets but
fuzzy approximation separated sets.

(3) Considerafuzzyideal Zdefinedon X g

that ®;(u) = ®,(v) = (1. 1,
then  clly(u) =clh(v) = (1,
Thus, w, v are not fuzzygi
separated sets.

But, u, v are fuz

imation separated sets.

.6,0,0},£=1{0,0.6,0,
y approximation presepa-
pcli(n) ={1,1,0.6,0.2, 1}
and pcl & =1{1,1,0.6,0.6,1} from
ng =1{0,0,0.6,0,0} and &r=
{0,0,070.6, 0}, intk(n) = {0,0, 0.4, 0, 0}
and inth(€) = {0,0,0,0.6,0}. While, 7, £
are fuzzy ideal approximation preseparated
sets whenever 7 is a fuzzy ideal defined on X
so that £ € T V¢ <0.6. That is, ®J(n) =0

(4) Here

and ®7(€) =0, and then pclg(n) =n and
pcl & =6, and thus pclﬁ,(n) AE=0 and
pelp) An=

Proposition 4.1. Ler (X, R,¢) be a fuzzy ideal
approximation space associated with A € IX. Then,

the following are equivalent.

() (X, R, ?) is fuzzy ideal approximation precon-
nected.

2) wArv=0, plnt (w) = u, pintﬁ,(v) =v and
uvv=1 1rnply u—@orv—@

B) pAv=0, pcl (w) = u, pcl (v)=v and

uwvv=1 imply pu=0o0rv=0.

plntq)(v) =v such that u A
Then,

pcl (n) = pcl (v9)
pelh(v) = pely(uc)
Hence, pclq,(u)
That is, u, v arg

. But (X, R, ?) is fuzzy
ected implies that u =

= (1): Clear. O

. Let (X, R, ) be a fuzzy ideal
proximation space associated with ). € 1%. Then,
r € 1%, the following are equivalent.

(1) @ is fuzzy ideal approximation preconnected
set.

2) If v, p are fuzzy ideal approximation presepa-
rated sets with © < (vV p), then wAv =0
or WA p= 0.

) If v, p are fuzzy ideal approximation presepa-
rated sets with u < (vV p), then © <v or
= p.

Proof.

(1) = (2): Let v, p be fuzzy ideal approxima-
tion preseparated sets with pu < (vV p). That is,
pcl WAp = pcl (p) Av=0sothatp < (vV p).
Since

pel (i A V) A (e A p) = pely () A pelf(v) A (1 A p)
=pcls(u) Ap A pels(WAp=ur0=0.
pelly (i A p) A A V) = pely () A pelly(p) A (1t A v)

:pcl'}p(u)Ap, A pclf\l,(p)A v=puA0=0.

Then, (it A v)and (i A p) are fuzzy ideal approxima-
tion preseparated sets with = (u A v) V (L A p).
But p is fuzzy ideal approximation preconnected
means that w Av=0oru A p=0.
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Q)= @B):IfuArv=0, u<(vV p)means that
w=puA@Vp)=(@Av)V (AP =pnA p,and
thus u < p. Also,if u A p =0, then u© < v.

(3) = (1): Let v, p be fuzzy ideal approximation
preseparated sets so that © = v Vv p. Then, from (3),
w<voru <p. If u <v,then

p=WVPAp=pAp<VvAp < pellh(n) A p=0.

Also, if u < p,then v=@VpAv=pAv=
PAV < pclé,(,o)Av:O.
Hence, u is fuzzy ideal approximation preconnected
set. O

Corollary 4.1. Let (X, R) be a fuzzy approximation
space associated with A € IX. Then, for u € 1%, the
following are equivalent.

(1) w is fuzzy approximation preconnected set.

(2) If v, p are fuzzy approximation preseparated
sets with u < (VV p), then w Av =70
or WA p= 0.

(3) If v, p are fuzzy approximation preseparated
sets with u < (vV p), then  <v

or i< p.

Theorem 4.1. Let (X, R), (Y, R*) be fuzzy
imation spaces associated with A € I,
respectively, € a fuzzy ideal on X,
(X, R, &) — (Y, R*) is a fuzzy ma,

f(n) € 1Y is a fuzzy approxim
if nis a fuzzy ideal appr ati
X.

Proof. Let v, p be approximation

preseparated  sets fm=vvVop. That
is, pcli +(p)Av=0.  Then,
n<(f" d from the condition of
f,we

Yo) < £ el A £ ()
i) Ap) = f710) =0,
and in similar way, we have
pelep(f A FI W) < T Pl () A W)
= g Av) = f710) = 0.

Hence, f ~(v) and f _1(,0) are fuzzy ideal approxi-
mation preseparated sets in X so that n < (f~'(v) v
£~ Y(p)). Since 7 is fuzzy ideal approximation pre-
connected, then from (3) in Proposition 4.2, we get
that n < f~'(v) or n < f~'(p), which means that

fm) <vor f(n) <p. Thus, from Corollary 4.1,
f(n) is fuzzy approximation preconnected in Y. O

5. Compactness in fuzzy ideal approximation
spaces

This section is devoted to the notio
approximation compact spaces.

f fuzzy ideal

Definition 5.1. Let (X, R, £) b
mation space associated with
to be fuzzy regular (resp
if for each n e IX wit

eal approxi-
. X is said
eal regular ) space
n’

L clr(n)) < n).

n=\/j

jedJ

very fuzzy regular space is a fuzzy
eal regular space. If £ = {0}, then the concepts of
egular and fuzzy ideal regular are identical.

Definition 5.2. Let (X, R, £) be a fuzzy ideal approx-
ation space associated with A € IX. Then,

(1) w is said to be fuzzy approximation compact
(resp. fuzzy ideal approximation compact ) if
for any family {u; € X int)l}(uj) =puj, j€
J} with p < \/ wj, there exists a finite sub-

jedJ
set Jo of J such that p < \/ u; (resp.

JeJdo
WAV ) €.
Jj€do

(2) w is said to be fuzzy almost approximation
compact (resp. fuzzy almost ideal approxima-
tion compact ) if for any family {u; € X
int)l}(uj) =uj, je J} with u < \/ uj, there

jeJ

exists a finite subset Jy of J suéh that u <
V clp(u)) (resp. w AV cli(u)) € 0.
J€Jo jely

(3) n is said to be fuzzy nearly approxi-
mation compact (resp. fuzzy nearly ideal
approximation compact ) if for any family
{njeI*: inth(u;)=pj, jeJb with p <
\/ wj, there exists a finite subset Jo of J
jedJ
such that u < \/ int’}e(cl)l}(u ) (resp. pw A

J€Jo

(V intk(clg () € 0).
Jj€Jdo
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The fuzzy approximation space (X, R) (resp. that {1,1,0.4,0.4} <w; <{1,1,0.6, 0.6} for
The fuzzy ideal approximation space (X, R, £)) which

will be called fuzzy approximation compact,

fuzzy almost approximation compact, fuzzy w= \/{wj L intl(w)) = wj, cli(w;)) < .
nearly approximation compact (resp. fuzzy Jjel

ideal approximation compact, fuzzy almost . . .
ideal approximation compact, fuzzy nearly Note that: the condition for p is satisfied

ideal approximation compact) if we replaced only if “X is a special fuzzy set but not for
with 1. all w € I*. For example, p =

It is clear that: ing the condition for u, w 04,04} <
clR(v) £ p for all g wit

compact —— s almost compact

ideal compact —— almost ideal compact compact

B ) is not fuzzy regular approxima-
If £ = {0}, then Similarly, we can show that the
fuzzy approximation compact (fuzzy almost approx-
imation compact, fuzzy nearly approximation
compact) and fuzzy ideal approximation compa
(fuzzy almost ideal approximation compact, fuz
nearly ideal approximation compact) respectiyelyga
equivalent.

Here is an example for both of Definitil
Definition 5.2.

fuzzy ideal regular space whenever ¢ = {0}.
Assuming A = {1, 0, 0, 0} and the same fuzzy
ation R on X. Then, Ag =0 and (Ag)¢ =
1. For any family of v; € IX, we get that
int’}e(v i) = 0, and thus for any fuzzysetu € 1 X
we get that € IX is satisfying directly the
definition

Example 5.1. Let R be a fuzzy,

s A A
= v inth(v;) =v;, clpvi) < ul.
{a, b, c, d} defined as follo w= "\, R0 = v clp(v)) < )

jeJ

Thatis, (X, R) is a fuzzy regular approximation
space associated with this A € IX. Similarly,
we can show that the fuzzy ideal approximation
space (X, R, £) is a fuzzy ideal regular space
whenever £ = {0}.

(3) Moreover, associated with A = {1, 1, 0.6, 0.6}
and the same fuzzy relation R on X, we can
provethatn = {1, 1, 0.5, 0.5} is afuzzy approx-
imation compact set, where n < \/ v; and n

0.4, =A¢

For a vjelx with  {1,1,0,0} <v; < jed
{1,1,0.6, 0.6}, we get that itself is one of these fuzzy sets v;. That is, for
int)ji,(vj) =Wj) )RAAR=vj AL =v;. That every fuzzy cover from these v;, j € J of 7,
is, for any p € I with int)l}(,u) = W, we can there is a finite subcover 7 itself as a cover of
choose a family of these fuzzy sets v; such n. In addition, 7 is fuzzy ideal approximation
that int%(v /) =v; and cl%(v /) < u whenever compact set if we restricted the fuzzy ideal £ on
we choose only the fuzzy sets w; so that X to be only {0}.

{1,1,0.4,0.4} < w; <{1,1,0.6,0.6}, which The other two cases of compactness are easily
satisfy that cl}l}(w i) =w;. Thus, we get shown by choosing the fuzzy cover as the same
for all ue I with {1,1,04,04} < u < family of sets w; with {1,1,0.4,04} <w; <

{1,1,0.6,0.6}, a family of fuzzy sets w; so {1,1, 0.6, 0.6}.
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Theorem 5.1. Let (X, R, £) be fuzzy almost ideal
approximation compact and fuzzy ideal regular. Then,
X is a fuzzy ideal approximation compact space.
Proof. Assume a family {u; € I* :inth(u;) =
wi, jeJiwithl=\ u;.

jedJ
By fuzzy ideal regularity of X, then for each
inth (i) = 11, we have

wj=\/ Awj o inte(uj), claGuj) < mj).
Jk€JIK
Hence,I = \/ ( \/ uj,). Since X is fuzzy almost
JjeJ jreJk
ideal approximation compact, then there exists a finite
index subset Jy x Jg of J x J such that

TAC\CV elau et

Jj€Jo jr€Jk

V Clg(ﬂjk) =

Jk€Jk

Since for each j € Jy, we have

wj, then we get that

TACN C\ b = TAC\ u)p.

Jj€Jo jreJk Jj€Jdo

Therefore, 1A (\/ wuj) € £, and thus (X,
J€Jo
fuzzy ideal approximation compact. [

Theorem 5.2. Let (X, R, {) be fuz
approximation compact and fuzzy ideal

roximation spaces asso-
Y respectively and v €
and n e IX is a fuzzy

family with f(n) < \/ &;.
jeJ
By fuzzy approximation continuity of f,
inty(f '€ = 7)) and < v F7Ep.
je
By fuzzy ideal approximation compactness of
n, there exists a finite subset Jy of J such that
nACN (F7HE) €
Jj€Jdo

Since v € £] = f(v) € £, Yv € IX,then f(nA

Vv (f’l(éj)))) € £».From fisinjective, then f(n A

J€Jo

(V (F1EN) = fp AV (€)). Thus,

J€Jo J€Jo

f A\ @) et

Jj€Jo

Hence, f(n) is fuzzy ideal approximation compact.
O

6. Conclusion

C IX. Then, Gisa

D uégl

Let X be a non empty
fuzzy grill on X ([4]) i
is a fuzzy ideal on_Xgua
is a fuzzy ideal on X
is a fuzzy grill on
Approximation separation

Ximation compactness using the
ill, it will be the same definitions

om the correspondence between fuzzy ideals and
zzy grills.

cknowledgments

The authors are extremely grateful to the anony-
mous referees for detailed and valuable comments
and suggestions. This work was funded by University
of Jeddah, Saudi Arabia under the grant (UJ-02-090-
DR). The authors therefore acknowledge with thanks
the university technical and financial support.

References

[11 M. Akram, Fuzzy Lie Algebras, Infosys Science Foundation
Series in Mathematical Sciences, Springer, (2018).

[2] EG. Arenas, J. Dontchev and M.L. Puertas, Idealization
of some weak separation axioms, Acta Math Hung 89(1-2)
(2000), 47-53.

[3] G. Aslim, A. Caksu Guler and T. Noiri, On decomposi-
tions of continuity and some weaker forms of continuity via
idealization, Acta Math Hung 109(3) (2005), 183-190.

[4] KK. Azad, Fuzzy grills and a characterization of fuzzy
proximity, J Math Anal Appl 79 (1981), 13-17.

[5] C.H. Chang, Fuzzy topological spaces, J of Math Anal Appl
24 (1968), 182-190.

[6] G.Choquet, Surles notions de filter et grill, Comptes Rendus
Acad Sci Paris 224 (1947), 171-173.

[71 M. Chuchro, On rough sets in topological Boolean algebra.
In: Ziarko, W.(ed.): Rough Sets, Fuzzy Sets and Knowledge
Discovery, Springer-Verlage, New York, (1994), 157-160.



6880

(8]
[9]

[10]

[11]

[12]

[13]
[14]

[15]

[16]

[17]

S.H. Alsulami et al. / Fuzzy roughness via ideals

T.R. Hamlett and D. Jankovié, Ideals in general topology,
General Topology and Applications (1988), 115-125.

T.R. Hamlett and D. Jankovi¢, Ideals in topological spaces
and the set operatory, Bollettino dell’Unione Matematica
Italiana 7 (1990), 863-874.

E. Hatir and S. Jafari, On some new calsses of sets and a new
decomposition of continuity via grills, J Ads Math Studies
3(1) (2010), 33-40.

[11] I. Ibedou, Graded fuzzy topological spaces, Journal of
Cogent Mathematics 3 (2016), 1-13, 1138574.

I. Ibedou and S.E. Abbas, Fuzzy topological concepts via
ideals and grills, Annals of Fuzzy Mathematics and Infor-
matics 15(2) (2018), 137-148.

K. Kuratowski, Topology, Academic Press, New York,
(1966).

D. Jankovi¢ and T.R. Hamlet, New topologies from old via
ideals, Amer Math Monthly 97 (1990), 295-310.

D. Jankovi¢ and T.R. Hamlett, Compatible extensions of
ideals, Bollettino della Unione Matematica Italiana 7(6)
(1992), 453-465.

A.Kandil, S.A. El-Sheikh, M. Abdelhakem and S.A. Hazza,
On ideals and grills in topological spaces, South Asian Jour-
nal of Mathematics 5(6) (2015), 233-238.

A.N. Koam, I. Ibedou and S.E. Abbas, Fuzzy ideal topo-
logical spaces, Journal of Intelligent and Fuzzy Systems 36
(2019), 5919-5928.

[18]

[19]

(20]

(21]
(22]

[23]

(24]

[25]

S. Krishnaprakesh, R. Ramesh and R. Suresh, Nano-
compactness and nano connectedness in Nano topological
spaces, Int J of Pure and Applied Mathematics 119(13)
(2018), 107-115.

G. Liu, Generalized rough sets over fuzzy lattices, Informa-
tion Sciences 178 (2008), 1651-1662.

J. Mahanta and PK. Das, Fuzzy soft topological spaces,
Journal of Intelligent and Fuzzy Systems 32(1) (2017),
443-450.

Z. Pawlak, Rough Sets, Int J Inf Comput Sci 11 (1982),
341-356.

B. Roy and M.N. Mukherjee, On a typical
by a grill, Soochow J Math 33(4 7

pology induced

erated fuzzy topology,
117-123.
L. Thivagar and C. Ri

X





